This article presents a hybrid numerical scheme for a class of linear and nonlinear singularly perturbed convection delay problems on piecewise uniform. The proposed hybrid numerical scheme comprises with the tension spline scheme in the boundary layer region and the midpoint approximation in the outer region on piecewise uniform mesh. Error analysis of the proposed scheme is discussed and is shown ε-uniformly convergent. Numerical experiments for linear and nonlinear are performed to confirm the theoretical analysis.
Introduction
Consider a class of singularly perturbed convection delay problem of the form:
u(x) = φ(x), −δ x 0, u(1) = γ on Ω = (0, 1), (1.1) where δ is a small delay parameter and ε(0 < ε 1) is the singular perturbation parameter. Here a(x), b(x), f (x) and φ(x) are sufficiently smooth functions and γ is a constant. It is assumed that the solution u(x) of the problem (1.1) is continuous on [0, 1] and differentiable on (0, 1). The corresponding problem has solution with a layer on the right side for a(x) < 0 and the left side for a(x) > 0 on [0, 1] when δ = 0. Singularly perturbed differential-difference equations arise in reaction-diffusion equations [3] , thermo-elasticity [5] , hydrodynamics of liquid helium [7] , second-sound theory [8] , diffusion in polymers [13] , a variety of model for physical processes or diseases [12, 14] etc.
In general, the solution of the singularly perturbed delay problems exhibits boundary layers and has rapid changes in the boundary layer region and behaves evenly in the outer region. The classical methods fail to prevent the rapid change in the boundary layer region. Therefore, a special deliberation is required to construct an appropriate numerical methods for these problems whose accuracy does not depend on singular perturbation parameter (ε), i.e., the methods that are ε-uniformly convergent [4, 6, 22] . A hybrid method with Shishkin mesh for solving singularly perturbed delay differential equations in [11] . Mohapatra and Natesan [16] constructed an adaptive grid method for singularly perturbed delay differential equation. Boundary value problems for linear second order singularly perturbed differential-difference equations of convection-diffusion type with a small shift in the convection term is considered in [17] . Sharma and Kadalbajoo [10] employed a parameter uniform numerical difference scheme based on finite difference. Ravi and Murali [18] studied an exponentially fitted spline method for solving singularly perturbed delay differential equations. A numerical technique is presented for solving nonlinear singularly perturbed delay differential equations in [19] . Kadalbajoo and Kumar [9] solved singularly perturbed nonlinear differential difference equations with negative shift using B'spline collocation method. A numerical treatment for a singularly perturbed convection delayed dominated diffusion equation via tension splines are presented in [20] . Recently, Ravi and Murali [21] proposed parametric cubic spline method for solving nonlinear singularly perturbed delay equations.
This article is organized in the following manner: In Sect. 2, recalls the continuous problem. Description of the method is given Sect. 3. Error analysis for the proposed method is discussed in Sect. 4. In Sect. 5, the non-linear problem is discussed. Computational results and discussion are discussed in Sect. 6. Finally, Sect. 7 ends with the conclusion.
Continuous problem
Equation (1.1) becomes after using Taylor's expansion for small delayed convection term
where
It is assumed that p(x) M > 0 and q(x) −θ < 0, θ > 0.
Lemma 2.1. Assume that Θ(x) is any sufficiently smooth function satisfying
Proof. Let x * ∈ Ω be such that Θ(x * ) < 0 and Θ(x * ) = min x∈Ω Θ(x). Clearly x * / ∈ {0, 1}, therefore Θ (x * ) = 0 and Θ (x * ) 0. Therefore, we obtain
which is contradiction. Hence it is proved that Θ(x * ) 0 and thus Θ(x) 0 ∀ x ∈ Ω.
Lemma 2.2. Let u(x)
be the solution of the problem (2.1) and (2.2) then
3)
Proof. Let Θ ± (x) be two barrier functions defined by
Then this implies,
Lemma 2.3. Let u(x) be the solution of (2.1) and (2.2), then
Proof. For the proof of the lemma can refer to [15] .
Description of the method
Let Ω = [0, 1] be
interpolates u(x) at the mesh points x i which depends on a parameter ν. When ν → 0, S(x, ν) reduces to cubic spline. The spline function
where S(x i ) = u i and ν > 0 is termed as tension spline. Following Aziz and Khan [1] , we obtain the following system
, and
We have the following condition by equating the coefficients of M i from (3.2)
Equation (3.4) has infinitely many roots and λ = 0.001 is the smallest positive non-zero root. Equation (2.1) can be written as,
We have,
Using the equations (3.6)-(3.8) and (3.5) in the equation (3.2), we obtain
Equation (3.9) with (3.10) gives the system of linear equations.
Piecewise uniform mesh
In this section, we constructed a piecewise uniform mesh [23] on Ω = [0, 1]. Since p(x) > 0, the problem (2.1) exhibits a boundary layer at x = 0. Divide the domain Ω = [0, 1] into two subintervals namely 1] , where τ = min (0.5, c ε ln(N )), where c > 0 is a constant to be chosen so that the resulting numerical scheme is of second order convergent. More precisely, we choose c 2/ √ θ > 0 and N is the number of mesh points. A uniform mesh with N/2 mesh intervals placed on Ω 1 , while on Ω 2 , a uniform mesh with N/2 mesh intervals placed. The mesh size is defined by h (1) 
Hybrid numerical scheme
In this section, a hybrid numerical scheme is proposed for the problem (2.1)-(2.2) on piecewise uniform mesh. This hybrid numerical scheme is a combination of tension spline difference scheme in the boundary layer region and mid-point scheme [24] in the outer region. The resulting scheme yields the following system of equations:
.
,
The above Eq. (3.11) gives (N − 1) system of equations with (N + 1) unknowns. These (N − 1) equations together with (3.10) leads the solution.
Error analysis
In this section, we derive the truncation error for the proposed hybrid numerical scheme (3.11). The truncation error for i = 1, · · · , N/2 is given by
Using the Eq. (2.1) for r(x i−1 ), r(x i ) and r(x i+1 ) in the above expression, we get
An application of Taylor series expansion for u(x i−1 ) and u(x i+1 ), we have
Using these approximations u(x i−1 ), u(x i+1 ) in Eq. (4.2), we have
It can be easily seen that
by using (3.3), we obtain
and
Thus, we have
In a similar manner, the truncation error for i = N/2 + 1, · · · , N − 1 is given by
Using the bounds of the solution stated in Lemma 2.3, we have the following theorem.
Theorem 4.1. Let u(x), x
∈ Ω be the solution of Eq. (1.1) and let U (x i ), x ∈ Ω N be the solution of (3.11) and (3.10) respectively. Then, the local truncation error satisfies the following error estimate:
where C is a constant independent of ε.
Proof. There arise in two cases:
Case 4.2. When τ = 1/2. In this case, the mesh is uniform with spacing 1/N and cεlnN 1/2, this gives ε −1 ClnN . Now using the Lemma 2.3 in Eqs. (4.6)-(4.7), we get 
Combining the Eqs. (4.8) and (4.10), we obtain the required truncation error
Non-linear problems
We consider a nonlinear singularly perturbed convection delay problem of the form:
where ε is a small singular perturbation parameter, 0 < ε 1 and δ is the delay parameter of o(ε). It is assumed that the solution u(x) of the problem (5.1)-(5.2) is continuous on [0, 1] and differentiable on (0, 1). Also assume that F (x, u, u (x − δ)) as F (x, u, z) is a smooth function satisfying .2) has a unique solution (see, [4] ). In order to obtain a numerical solution for (5.1)-(5.2), firstly quasilinearization method [2] is used and then the problem is linearized. Consequently, we get a sequence u (k) ∞ 0 of successive approximations with a proper choice of initial guess u (0) . In fact, we define u (k+1) , for each fixed non-negative integer k, to the solution of the following linear problem.
The problem (5.3)-(5.4), for each fixed k, is a linear singularly perturbed convection delay problem and is solved by the hybrid numerical scheme on piecewise uniform mesh as discussed in Sect. 3.
Computational results with discussion
In this section, we have solved linear and nonlinear problems to validate the efficiency and applicability of the proposed method. The exact solution for the following problems are not known so we use the double mesh principle [4] for the maximum point-wise error and rate of convergence are defined as
We compute the uniform error and rate of convergence as Table 1 presents the maximum point-wise error, rate of convergence and uniform error for different choices of ε and N . The numerical results clearly indicates that the proposed scheme is ε-uniformly convergent. It is also observed from the table that the maximum absolute error decreases as the mesh size decreases. The maximum point-wise error and rate of convergence for different choices of λ 1 and λ 2 are presented in Table 2 . The numerical solution is plotted for different choices of δ in Figs. 1-2 for ε = 10 −1 and ε = 10 −2 respectively. Figure 3 represents the loglog plot of maximum point-wise error. Table 3 presents the maximum point-wise error, rate of convergence and uniform error for different choices of ε and N . Table 4 shows the comparison between the proposed method and the method in [10] . It has been observed that the proposed method gives more accurate result than the method in [10] . Table 5 indicates maximum point-wise error and rate of convergence for different choices of λ 1 and λ 2 . It is observed from the table, the Figure 6 represents the loglog plot of maximum point-wise error. The maximum point-wise errors for different values of ε and N with λ 1 = 1/12, λ 2 = 5/12 and δ = 0.5ε are shown in Table 6 . It is observed from the table that the proposed scheme is ε-uniform convergent and also the maximum point-wise error decreases as the number of mesh points increases. 
Conclusion
In this article, we have proposed a hybrid scheme for a class of singularly perturbed convection delay problems on piece-wise uniform mesh. The solution of the tension spline method gives the oscillations in the outer region for smaller values of ε. In order to retain its stability, we use the mid point approximation for the convective term in the outer region. Error estimates for the method is analyzed and is shown that the method is convergent of order two. We also proved that the proposed method is ε-uniformly convergent.
